Abstract-All finite simple nonabelian groups that have the same prime graph as a Frobenius group or a 2-Frobenius group are found.
INTRODUCTION
For a finite group G, we denote by ω(G) its spectrum, i.e., the set of orders of its elements. Let π(n) be the set of prime divisors of a positive integer n.
Denote π(|G|) by π(G). On the set π(G), the graph with the following adjacency relation is defined: different vertices r and s in π(G) are connected by an edge if and only if rs ∈ ω(G). This graph is called the Gruenberg-Kegel graph or the prime graph of the group G and is denoted by GK(G). Denote the set of connected components of GK(G) by {π i | i = 1, . . . , s(G)}, where s(G) is the number of connected components in GK(G).
If the order of G is even, then we assume that 2 ∈ π 1 .
A set of vertices of a graph is called a coclique if its vertices are pairwise nonadjacent. Let t(G) be the maximum number of vertices in cocliques of the graph GK(G). Denote by t(2, G) the maximum number of vertices in cocliques of GK(G) that contain the number 2.
The first result about finite groups with disconnected prime graph was the theorem obtained by Gruenberg and Kegel in an unpublished paper (a proof of this theorem was published in 1981 in [1, Theorem A] ). In the conclusion of the theorem, the cases of Frobenius groups and 2-Frobenius groups appeared.
A Frobenius group is a group G containing a proper nontrivial subgroup H such that H ∩H g = 1 for any g ∈ G \ H. By the Frobenius theorem (see, for example, [2] ), any Frobenius group is a semidirect product G = F H, where F is a nontrivial normal subgroup in G, H = 1, and C F (h) = 1 for any nontrivial element h from H. The subgroup F is called the kernel of the Frobenius group G, and H is called the complement.
According to [3] , a 2-Frobenius group is a group G possessing a normal subgroup H that is a Frobenius group with kernel A such that the quotient group G/A is a Frobenius group with kernel H/A. In the first author's paper [4] , finite simple groups are determined such that their spectrum coincides with the spectrum of some Frobenius group or some 2-Frobenius group.
A natural question arises: which finite simple groups have the same prime graph as Frobenius groups or 2-Frobenius groups? The equality of the graphs GK(S) and GK(G) for finite groups S and G is understood here as the coincidence of their vertex sets and edge sets, respectively.
In the present paper, the following theorems are proved. 
Theorem 1. Let S be a finite simple nonabelian group. Then, GK(S) = GK(G) for a Frobenius group G with solvable complement if and only if S is isomorphic to one of the following groups:
A 2 (q) (q + 1 = 2 k and (q − 1) 3 = 3), 2 A 2 (q) (q − 1 = 2 k and (q + 1) 3 = 3), 2 A 3 (2), C 3 (2), C 2 (q) (q > 2), D 4 (2), 3 D 4 (2), J 2 , A 9 ,
Theorem 3. Let S be a finite simple nonabelian group. Then, GK(S) = GK(G) for a 2-Frobenius group G if and only if S is isomorphic to one of the following groups:
The notation for finite simple groups is taken from [5] . Since B is a kernel and, simultaneously, a complement in two different Frobenius groups, the order of B is odd by statement (c) of Lemma 1; hence, by statements (a) and (b) of the same lemma, B is cyclic. Since the automorphism group of a cyclic group is abelian, C is a cyclic group by statement (b) of Lemma 1.
PRELIMINARY RESULTS

Lemma
The lemma is proved.
In what follows, we call A the lower kernel and B the upper kernel of a 2-Frobenius group G = ABC. 
Lemma 3. (a) If G is a 2-Frobenius group or a solvable Frobenius group, then GK(G) is the union of two connected components each of which is a complete graph. In particular, t(G)
=
(G). Hence, GK(B) is a connected component of GK(G).
On the other hand, by Lemmas 1 and 2, (p, q) is an edge in GK(G) if both p and q divide the order of A or the order of B. Suppose, finally, that p divides |A| and q divides |C|. Assume that {p, q} is not an edge in GK(G). Suppose that Q is a subgroup of order q from C, P is a Sylow p-subgroup from A, and R is a subgroup of prime order r from B. Then, P RQ is a Frobenius group with kernel P and complement RQ of order rq. By Lemma 1, RQ is a cyclic group, which contradicts the fact that BC is a Frobenius group with kernel B. Therefore, our assumption is not valid, and all pairs of different elements
Let G be a Frobenius group with kernel K and complement H. By statement (a) of Lemma 1, all primes dividing |K| are adjacent in GK(G), and none of them is adjacent to any prime dividing |H|.
Thus, GK(G) is the disjoint union of the complete graph GK(K) and the graph GK(H).
Suppose first that H is solvable and p and q are different primes dividing the order of H. If one of the them equals 2, then p and q are adjacent in GK(H) by statement (c) of Lemma 1. Suppose that p and q are odd and U is a Hall {p, q}-subgroup from H. By statement (b) of Lemma 1, all Sylow subgroups in U are cyclic and, consequently, U is a metacyclic group. Therefore, U contains a subgroup of order pq, which, by statement (b) of Lemma 1, is cyclic. Hence, {p, q} is an edge in GK(H) and, thus, GK(H) is a complete graph.
If, finally, H is unsolvable, then, by Lemma 1, H contains a subgroup of index 1 or 2 isomorphic to S × Z, where S ∼ = SL 2 (5) and (|S|, |Z|) = 1. Evidently, 3 and 5 are not adjacent in GK(H), and any prime from π(S) is adjacent in GK(H) to any prime from π(Z). In addition, as shown in the previous paragraph, the graph GK(Z) is complete.
PROOF OF THE THEOREMS
In the following proposition, π 1 and π 2 denote finite nonempty nonintersecting sets of primes.
Proposition. 
r , and G is the semidirect product of F and the cyclic group x , where the action of x on the term F + i is multiplication by x i in the field F i . Then, G is a Frobenius group, and the graph GK(G) has exactly two components π 1 and π 2 , which are complete graphs.
2. The necessity follows from Lemma 3. Let us prove the sufficiency. As before, suppose that 
respectively, where λ i is an element of order 5 from F * i . It is immediately verified that Since, by the condition, q j − 1 is a multiple of p, the cyclic group λ ij has an automorphism ϕ ij of order p. Suppose that ϕ i is the automorphism of λ i specified by the equality λ The proposition is proved. Now, we are ready to prove the main results. [1, [7] [8] [9] [10] , S is isomorphic to one of the groups A 2 (q) (q + 1 = 2 k and (q − 1)
Proof of Theorem 1. By statement (a) of Lemma 3, we have t(G) = 2. Hence, t(S) = 2. By
Consider the prime graphs of alternating groups. For 5 ≤ n ≤ 17, it is immediately verified that only the groups A 9 and A 12 have prime graphs consisting of two connected components, each of which is a complete graph. By [8, Lemma 1], for n ≥ 18, there exists at least three primes p i such that (n + 1)/2 < p i < n. These numbers are nonadjacent in GK(S); hence, t(S) ≥ 3. However, t(S) = 2, a contradiction.
By the proposition, there exist solvable Frobenius groups with specified sets of element orders. Theorem 1 is proved.
Following [9] , we introduce the following notation: if q is a positive integer, r is an odd prime, and (r, q) = 1, then e(r, q) is the minimal positive integer n with the condition q n ≡ 1 (mod r). If r = 2, then we set e(2, q) = 1 for q ≡ 1 (mod 4) and e(2, q) = 2 for q ≡ 3 (mod 4). A prime r satisfying the condition e(r, q) = n is said to be a primitive prime divisor of q n − 1. Denote by r i a primitive prime divisor of q i − 1; i.e., r i divides q i − 1 and does not divide q j − 1 for any j < i.
Proof of Theorem 2. Let S be a finite simple nonabelian group of Lie type over a field of characteristic p. By statement (b) of Lemma 3, we have t(S) = 3 and t(2, S) = 2. Moreover, 3 and 5 are the only nonadjacent vertices in π 1 (G). By [1, [7] [8] [9] [10] , S is isomorphic to one of the groups A 2 (q) (q +1 = 2 k and (q − 1) 3 = 3), A 2 (q) (q +1 = 2 k and (q − 1) 3 = 3) for odd q, 2 A 2 (q) (q − 1 = 2 k and (q + 1) 3 = 3), 2 A 2 (q) (q − 1 = 2 k and (q + 1) 3 = 3) for odd q, A 3 (3), A 4 (q) for odd q, A 5 (2),
Note that the numbers 3 and 5 are vertices from the intersection of maximal cocliques; hence, in view of [10] , S is not isomorphic to the following groups: D 4 (3) , He, McL, and HN . Let us use [10] to investigate in detail vertices of the intersection of maximal cocliques for other groups from the list in the preceding paragraph.
Note that either p = 5 or 5 divides q 4 − 1; hence, r i = 5 for i ∈ {3, 5, 6, 7, 8, 12} . In addition, either p = 3 or 3 divides q 2 − 1; hence, r i = 3 for i ≥ 3.
Assume that S ∼ = A 2 (q) (q + 1 = 2 k and (q − 1) 3 = 3). By [11] , we have q = p. Since {3, p, r 3 } = {3, 5, r} and r 3 = 5, we get p = 5 and q = 5. However, 5 + 1 = 2 k , a contradiction.
Assume that S ∼ = A 2 (q) (q + 1 = 2 k and (q − 1) 3 = 3). Then, {p, r 2 , r 3 } = {3, 5, r}, where r is some odd prime. Since r 3 = 3, 5, we have r 3 = r, and either p = 3 and r 2 = 5 or p = 5 and r 2 = 3. Note that either 3 is a unique primitive divisor of q 2 − 1 or 5 is a unique primitive divisor of q 2 − 1. Suppose that p = 3 and 5 divides q 2 − 1 = 3 2f − 1. Since 5 divides 3 4 − 1 and does not divide 3 2 − 1, 4 divides 2f ; i.e., f is even. If f ≥ 4, then, by Zsigmondy's theorem (see [12] ), there exists a primitive divisor t = 5 of the number 3 2f − 1 = q 2 − 1, a contradiction. Hence, f = 2, q = 9, and S ∼ = A 2 (9). By [5] , we have π 1 (S) = {2, 3, 5}, and π 1 (S) is a complete graph with deleted edge {3, 5}. By statement (d) of Lemma 1, the group H contains a subgroup of index at most 2 isomorphic to SL(2, 5) × Z. Since π(H) = {2, 3, 5}, we have Z = 1.
Suppose that p = 5 and 3 divides q 2 − 1 = 5 2f − 1. If f ≥ 2, then, by Zsigmondy's theorem, there exists a primitive divisor t = 3 of the number 5 2f − 1 = q 2 − 1, a contradiction. Hence, f = 1, q = 5, and S ∼ = A 2 (5). By [5] , π 1 (S) = {2, 3, 5}. As in the preceding paragraph, the group H contains a subgroup of index at most 2 isomorphic to SL (2, 5) .
Assume that S ∼ = 2 A 2 (q) (q − 1 = 2 k and (q + 1) 3 = 3). Then, {3, p, r 6 } = {3, 5, r}. By [11] , either q = 9 or q = p. Since (9 + 1) 3 = 1 = 3, we have q = p. Since r 6 = 5, we have p = 5, q = 5, and S ∼ = 2 A 2 (5). By [5] , π 1 (S) = {2, 3, 5}. As above, the group H contains a subgroup of index at most 2 isomorphic to SL (2, 5) . Assume that S is isomorphic to one of the groups A 3 (3), 2 F 4 (2) , or M 12 . By [5] , π 1 (S) = {2, 3, 5}, and π 1 (S) is a complete graph with deleted edge {3, 5}. By statement (d) of Lemma 1, the group H contains a subgroup of index at most 2 isomorphic to SL(2, 5)× Z. Since π(H) = {2, 3, 5}, we have Z = 1.
Assume that S ∼ = A 4 (q) and q is odd. Then, {r 4 , r 5 } = {3, 5}, but 3 / ∈ {r 4 , r 5 }, a contradiction. Assume that S ∼ = 2 A 4 (q) and q is odd. Then, {r 4 , r 10 } = {3, 5}, but 3 / ∈ {r 4 , r 10 }, a contradiction. Assume that S ∼ = B 3 (3) or S ∼ = C 3 (3). Then, {r 3 , r 6 } = {3, 5}, but 3 / ∈ {r 3 , r 6 }, a contradiction.
Assume that S ∼ = 3 D 4 (q) (q > 2). Then, 5 / ∈ {r 3 , r 6 , r 12 }, a contradiction. Consider the prime graphs of alternating groups. For 5 ≤ n ≤ 7, it is immediately verified that the graph of A n has three connected components and, for n ≥ 8, the vertices 3 and 5 are adjacent in GK(A n ).
By the proposition, there exist unsolvable Frobenius groups with specified sets of element orders. Theorem 2 is proved.
Proof of Theorem 3. By statement (a) of Lemma 3, we have t(G) = 2. Hence, t(S) = 2. The proof repeats the proof of Theorem 1.
It is sufficient to take p = 2 in the proposition. Then, 2 divides q − 1 for any q ∈ π 2 ; hence, there exist 2-Frobenius groups with specified sets of element orders.
Theorem 3 is proved.
